a b s t r a c t
It is already well known that radiative interband interaction in the excitonic normal liquid in semiconducting double quantum wells is responsible for a negligible splitting between the energies of the dark and bright excitons enabling us to consider a four fold spin degeneracy. This has also lead many workers to naively consider the same degeneracy in studying the condensate. On the other hand, the non-perturbative aspects of this interaction in the condensed phase, e.g. its consequences on the order parameter and the dark-bright mixture in the ground state have not been explored. In this work, we demonstrate that the ground state concentrations of the dark and the bright exciton condensates are dramatically different beyond a sharp interband coupling threshold where the contribution of the bright component in the ground state vanishes. This shows that the effect of the radiative interband interaction on the condensate is nonperturbative.
We also observe in the free energy a discontinuous derivative with respect to the layer separation at the entrance to the condensed phase, indicating a strong critical Casimir force. An estimate of its strength shows that it is measurable. Measuring the Casimir force is challenging, but at the same time it has a conclusive power about the presence of the long sought for condensed phase.
© 2011 Elsevier Ltd. All rights reserved.
The condensation of excitons in bulk semiconductors was speculated on a long time ago by Moskalenko and Blatt [1, 2] . A number of experiments have been performed since then, first in bulk systems, later in confined geometries using coupled quantum wells [3] [4] [5] [6] with and without a strong magnetic field where the exciton lifetime can be increased by a factor of 10 3 -10 4 (compared to that in bulk) allowing thermal equilibrium to be reached before recombination [7] . The exciton condensate primarily consists of fermionic pairs from s-like conduction and p-like valence bands. This pairing is fundamentally different from the conventional superconducting pairing [8] in that the four exciton states at sufficiently low temperatures are formed by s-like conduction electrons with an effective mass of m * e ≃ 6.7 × 10 −2 m e and p-like heavy holes m * h ≃ 0.4m e with m e the bare electron mass. The p-like bands are composed of light and heavy holes with the light holes being in a higher valence energy band than the heavy holes in 2-D geometries. This property has important consequences in the manifestation of the fermion exchange and time reversal symmetry operations [9] particularly in the presence of a stabilizing electric field that is used in the experiments for confining the carriers in separate wells.
The experimental search for exciton condensate has been focused primarily on photoluminescence experiments [3] [4] [5] [6] and after intense search for years in the confined geometries, unquestionable evidence for the condensed state is still lacking [7] . A proposition to resolve this dilemma has recently been made by Combescot and coworkers [10] stressing on the presence of radiative interband interactions. Due to the spin independent Coulomb interaction, it is naively expected that the excitons formed by the spin ±1/2 conduction electrons and the spin ±3/2 heavy holes form four degenerate spin configurations. According to the angular momentum selection rules however, the dark states composed of total spin ±2 do not interact with the radiation field, whereas the bright states with spin ±1 are coupled to it. This additional interaction of the bright states not only gives the bright pairs their shorter lifetime but also creates an effective interaction between the indirect electron-hole bands. In the quantum well geometries, these radiative processes are dipole like which can be made arbitrarily weak by a high tunneling barrier between the wells. These processes are already well known, in the excitonic normal liquid phase, to create a weak splitting between the dark and bright exciton lines, shifting the bright line slightly above in energy [11] . The same process, in the low temperature condensed phase, should therefore create an imbalance in the relative contributions of the dark and the bright components in favour of the dark excitons, which can make the ground state hardly visible in photoluminescence experiments.
In this work, we study the effect of the radiative interband processes on the condensed phase. In addition to the weak dark-bright splitting that is also present in the normal liquid, the breaking of the four-fold spin degeneracy to the two-fold Kramers' degeneracy results in a spin dependent instability in transition to the condensed phase. The original results of this work are that, when the interband radiation coupling exceeds a critical threshold, the bright condensate (BC) becomes sharply suppressed in the ground state whereas the dark condensate (DC) is enhanced implying that the effect is non-perturbative and the dark-bright balance in the ground state is strongly broken.
The radiative interband processes can be properly taken into account by including the dipole-field interaction that is present for the bright pairs. The radiation field can then be eliminated using the Markov-Lindblad formalism to obtain the reduced density matrix for the electrons and the holes, yielding an effective interaction of which the unitary part is an effective Hamiltonian for the bright states. We consider the condensate in the self consistent mean field Hartree-Fock scheme in the presence of this effective Hamiltonian.
In the absence of the radiative interband interaction, the Hamiltonian for the condensate is given in the electron-hole spinor basis (ê k,↑êk,↓ĥ
where σ 0 ⊗ σ 0 is the 4 × 4 unit matrix, and in standard notatioñ ϵ
the single particle energies, the spin dependent electron/hole self energies and the elements of the order parameter matrix ∆(k) respectively. The Coulomb interaction is given by V pp = 2π e 2 (ϵq) −1 and V eh = V ee e −qd with d as the separation between the coupled quantum wells and the doubly degenerate spectrum of problem can be formulated within the Hartree-Fock mean field theory yielding two doubly degenerate exciton branches due to the underlying spin degeneracy and Kramers' symmetry. On the other hand, the spin degeneracy is broken by the interband radiation field with only the two fold Kramers' symmetry remaining. The bright excitons couple to the radiation field by the dipole coupling
where p(q) is the bright exciton dipole moment
with p 0 =  drΨ e (r)rψ h (r) the dipole matrix element depending on the overlap of the electron and hole orbitals and E(q) is the quantized electric field. We consider
where e is the elementary charge, e z is the unit vector perpendicular to the quantum well plane, and d ≃ 100 Å and W ≃ 70 Å are the typical layer separation and the well width respectively. Eq. (4) is spin anti-correlated between the electron-hole spins;
hence H rad in Eq. (3) is only present for the bright states. In terms of the quantized radiation field, Eq. (3) is 
where
is the effective coupling strength of the radiation field in the presence of the condensate with ϵ k,q =ε
with the spectral function of the radiation field whereF q (ω) = iP  1/(ω −hω q )  + δ(ω −hω q ) with P standing for the principle value. In Eq. (8)
k is the coherence factor of the condensate. We simplify the effective interaction in Eq. (7) by ignoring the contribution of the small radiation field momentum in comparison with the electron and hole momenta. In the mean field approximation the effective Hamiltonian is
where, using Eq. (8) and the definitions thereafter,
where η is infinitesimal. In calculating Eq. (10) we neglect the quadratic terms in q and use the fact that q is largely confined to the double well plane,e.g. |p 0 .q| ≪ p 0 q, yielding
2 ) and f (x) ≃ 1 for x ≪ 1. Here, q max is the maximum photon wavevector which is estimated as q Max = E G /(hc) = 5×10 (9) into Eq. (1) we obtain a model Hamiltonian which can be solved exactly. The order parameter is now different for the dark and the bright states as given bỹ
e. the dark components are unaffected. The analytic solution for the order parameter is a coupled set of equations for the dark and bright components given by,
With two other equations for the electron and hole chemical potentials, these closed sets of equations are solved numerically.
Eqs. (13) and (14) are not identical when g k ̸ = 0. Their numerical solutions are depicted in Fig. 1 as g 0 and the temperatures are varied. For g 0 < 10 −6 meV, the solutions are basically spin independent and the dark and the bright solutions are identical. Within a short interval in g 0 beyond this coupling, the DC becomes slightly stronger without a change in its temperature behaviour, whereas the BC is weakened by non-zero temperatures and it is completely absent for g 0 > 10 −6 meV. Considering that in most experiments g 0 ≃ 10 −2 meV ≃ 10
−3 E H , we observe that the bright state should not be present. The theory thus predicts that the DC should dominate the ground state. The phase boundary d c (n X , n − ) beyond which the condensate completely disappears is shown in Fig. 2 for the DC. The hole like imbalance, i.e. n − < 0, is preferable for the condensate compared to the electron like one, i.e. 0 < n − , due to the difference in the effective masses and this asymmetry, because it is a kinetic energy effect, is more pronounced when the exciton density is higher. We observed that in the range 1.5a B < d c < 3a B as the exciton concentration is increased from n X = 0.5a n X for a fixed n − , whereas, for a fixed n X the number imbalance in favour of holes increases d c .
We report another important result which is the discontinuity observed in the derivative of the energy gap with respect to the layer separation, i.e. ∂|∆(k)|/∂d. It can be found very simply that this quantity is directly related to the critical Casimir force [12] . It is given by f Cas = −∂(δF )/∂d which becomes for
where δF is the Helmholtz free energy of the condensate. We plot the maximum value of |∆(k)| (at The asymmetry on the bounding surface is more pronounced for larger exciton numbers. Fig. 3 with respect to d and n − which has a discontinuity at d = d c (n X , n − ). |∆(k = 0)| is plotted in the inlet of Fig. 3] as a function of n − for n X a 2 B = 1.2. We observe that |f Cas | is the largest at the onset of condensation. We numerically estimate
−13 N which is, in principal, measurable [13] . The measurement of the critical Casimir force, although challenging, may thus be a strong signal for the presence of the exciton condensate with no known alternative explanation.
In conclusion, we have shown that the relative ground state concentrations of the DC and BC spinor components, are dramatically different due the radiative interband transitions, breaking the four fold spin degeneracy to the two fold Kramers' degeneracy. To our best knowledge, this work on the implications of the broken dark-bright symmetry is the only concrete result so far in the condensed ground state. In reality, some small concentration of the BC should be present in the ground state. The basic reason for this is the Shiva diagrams [10, 14] produced by the exciton-exciton interactions where two dark excitons can turn into to two bright ones and vice versa. In equilibrium, the relative concentrations of the dark and bright components are then dictated by the detailed balance which is expected to yield a non zero BC in the ground state.
